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E f f e c t i v e  procedures  a r e  presented f o r  t h e  response a n a l y s i s  of 
t h e  SSME turbopumps under t r a n s i e n t  loading condi t ions .  Of p a r t i c u l a r  
concern is t he  de te rmina t ion  of t h e  nonl inear  response of t h e  systems 
t o  rotor imbalance i n  presence of bear ing c learances .  The proposed 
procedures  t ake  advantage of t h e  n o n l i n e a r i t i e s  involved being l o c a l  - 
i zed  a t  only few ro to r lhous ing  coupling po in t s .  
The methods inc lude  those  based on i n t e g r a l  formulat ions for t h e  
incrementa l  s o l u t i o n s  involving t h e  t r a n s i t i o n  mat r ices  of t h e  r o t o r  
and housing. A l t e r n a t i v e l y ,  a convolut ional  r e p r e s e n t a t i o n  of the  
housing displacements  a t  t h e  coupling po in t s  is proposed which would 
a l low performing t h e  t r a n s i e n t  a n a l y s i s  on a reduced model of t h e  
housing. The i n t e g r a l  approach is appl ied  t o  small dynamical models 
t o  demonstrate  t h e  e f f i c i e n c y  of t he  approach 
For purposes of a s ses s ing  t h e  numerical  i n t e g r a t i o n  r e s u l t s  for 
t h e  non l inea r  ro tor /hous ing  systems, a numerical  harmonic balance 
procedure is developed t o  enable determining a l l  p o s s i b l e  harmonic, 
subharmonic and nonperiodic  s o l u t i o n s  of t he  systems. A b r i e f  account 
of t h e  Four ie r  approach is presented as appl ied  t o  a two degree of 
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The dynamic t r a n s i e n t  response a n a l y s i s  of t he  SSME turbopumps is  
e s s e n t i a l  f o r  f u r t h e r  development and p r e d i c t i o n  of t h e  engine pe r fo r -  
mance under va r ious  load l e v e l s  and requi red  maneuvers. Chi lds  [ 11 
conducted numerical  a n a l y s i s  for c r i t i c a l  speed- t r ans i t i ons  of t h e  
HPOTP. A rubbing condi t ion  was p red ic t ed  for t h a t  ea r l ie r  conf igura-  
t i o n  a t  t h e  t u r b i n e  f loa t ing - r ing  seals during shutdown. More r e c e n t -  
l y ,  Chi lds  [ 2 ]  concluded a s e r i e s  of s t u d i e s  concerning t h e  develop- 
ment of a r e l i a b l e  RPL engine and a d e s c r i p t i o n  of new problems which 
are being encountered i n  developing FPL performance. The a n a l y s i s  w a s  
based on a modal method developed earlier by the  same author  [ 3 ] .  
Chi lds  121 demonstrated t h a t  a l though a l i n e a r  t r a n s i e n t  a n a l y s i s  
remains an e f f i c i e n t  procedure f o r  genera l  c h a r a c t e r i z a t i o n  of t h e  
turbopump's rotor-dynamics , nonl inear  a n a l y s i s  i s  e s s e n t i a l .  An 
important  case considered by Childs i s  t h a t  of t h e  e f f e c t  of t h e  
r a d i a l  c l ea rances  provided at the  o u t e r  r aces  of t h e  bear ings .  The 
r e s u l t s  of t h e  non l inea r  ana lys i s  showed a s i g n i f i c a n t  reduct ion  i n  
t h e  subsynchronous r o t o r  motion. More s i g n i f i c a n t l y ,  t h e  bear ing  
c l e a r a n c e s  can drop t h e  peak-vibration running speed i n t o  t h e  
o p e r a t i n g  range where t h e  synchronous whIr l ing  loads' might pose a 
s e r i o u s  t h r e a t  t o  bear ing  l i f e .  
For large complex r o t o r  sys t ems ,  such as t h e  SSME turbopumps, 
v a r i o u s  modeling and a n a l y s i s  techniques vary i n  t h e i r  a b i l i t y  t o  







depends on t h e  conf igu ra t ion  of t h e  systems analyzed and on the  f o r -  
c ing  cond i t ions .  In  r o t a t i n g  components, t h i s  a l s o  involves  whether 
the r o t a t i n g  speed is cons tan t  o r  varying wi th  t i m e .  A hybrid repre-  
s e n t a t i o n  by var ious  types of coord ina tes  and formulat ion f o r  t h e  
v a r i o u s  components of t he  systems may prove va luable .  
D i f f e r e n t  procedures  have been u t i l i z e d  by a n a l y s t s  t o  determine 
t h e  t r a n s i e n t  response of l a rge  o rde r  r o t o r  systems. The procedures 
can be recognized as f a l l i n g  under one of two bas i c  approaches. Those 
u s i n g  phys ica l  o r  modal coordinates  of t he  complete system and those 
u s i n g  t h e  coord ina te s  of t he  ind iv idua l  components of t h e  system. The 
methods a l s o  d i f f e r  i n  t h e  numerical i n t e g r a t i o n  methods selected f o r  
the  a n a l y s i s .  
Rouch and Kao [ 4 1  employed Guyan ( s t a t i c )  reduct ion  method t o  
a r r i v e  a t  a reduced s i z e  model i n  terms of t h e  remaining phys ica l  
coord ina te s .  Accuracy of t h e  r e s u l t s  could be expected t o  be accept -  
a b l e  s i n c e  t h e  r o t o r  i s  b a s i c a l l y  a t r a i n  of m a s s s t i f f n e s s  subsys-  
t e m s .  Nordmann [5] at tempted t o  minimize t h e  inaccuracy of s t a t i c  
condensa t ion  by applying t h e  s t a t i c  reduct ion  technique t o  an a r b i  - 
t r a r i l y  subs t ruc tu red  r o t o r  system and then assemble t h e  reduced sub- 
s t r u c t u r e s  to  form a reduced system. The procedures is very l abor ious  
and no guarantees  of accuracy are  apparent .  
Ch i lds  [6]  u t i l i z e d  f r ee - in t e r f ace  modes of t h e  va r ious  system 
components t o  r ep resen t  t h e  assembled SSME turbopumps. The method, 
u s i n g  f o u r t h  o r d e r  Runge-Kutta i n t e g r a t i o n ,  does not  provide f o r  
accommodating accu ra t e  modal r ep resen ta t ion  of t h e  l a r g e  housing model 








t h e  o t h e r  hand used f ixed - in t e r f ace  complex component modes t o  assem- 
b l e  a reduced s i z e  model. For systems with l a r g e  number of coupl ing  
p o i n t s  among t h e  components, the approach s u f f e r s  t h e  problem of 
i n t r o d u c i n g  h ighe r  f requencies  r e s u l t i n g  from excess ive  number of 
c o n s t r a i n t s  imposed a t  t he  coupling (o r  boundary) p o i n t s .  I n  a t r a n -  
s i e n t  a n a l y s i s ,  t h i s  w i l l  necessa r i ly  r e s u l t  i n  much smaller t i m e  
increments  and consequent ly ,  w i l l  l ead  t o  excess ive  computational time 
and larger round-off e r r o r s .  
Fo r  non l inea r  l a r g e  r o t o r  systems, only a few a n a l y s t s  have pre-  
s en ted  techniques  f o r  t he  general  t r a n s i e n t  a n a l y s i s  of such systems. 
Adams [ 8 ]  used a normal mode representa t ion  f o r  t h e  r o t o r  i n  terms of 
i t s  undamped, f r e e  symmetric modes and t r e a t e d  gyroscopic  and non- 
l i n e a r  terms as pseudo-externa l  loads .  The method presented by Childs  
[6]  makes use of a similar procedure t o  couple  t h e  r o t o r  t o  i t s  f l e x -  
i b l e  housing. Nelson -- et a l . [ 7 ]  developed a genera l  computer code for 
t h e  t r a n s i e n t  a n a l y s i s  of l a rge  r o t o r  systems. The u s e r  may u t i l i z e  
t i m e s t e p  i n t e g r a t i o n  i n  t h e  constrained-rotor  ( f i x e d - i n t e r f a c e )  modal 
space.  Again, a l l  connect ion p o i n t s ,  inc luding  those  a t  t h e  non- 
l i n e a r i t i e s  must be cons t ra ined ,  l ead ing  t o  t h e  same shortcomings 
desc r ibed  previous ly .  
None of t h e  above s t u d i e s  have adequately addressed the  problems 
of a t t e m p t i n g  t o  use reduced s i z e ,  accu ra t e  models and t h e  a s s o c i a t e d  
e f f i c i e n c y  of computation. A j ud ic ious  s e l e c t i o n  of t h e  system con- 
f i g u r a t i o n s  and t h e  numerical  methods is  e s s e n t i a l  f o r  ach iev ing  t h e  








I n  t h i s  s tudy ,  i n t e g r a t i o n  methods based on the  t r a n s i t i o n  
matrices [ 9 ]  of t h e  s e p a r a t e  ro to r  and housing a r e  used t o  e f f i c i e n t l y  
determine t h e  non l inea r  t r a n s i e n t  coupled system response under imbal- 
ance f o r c e s  and i n  presence of bear ing c l ea rances .  Pragenau [ l o ]  
u t i l i z e d  t h e  t r a n s i t i o n  matrix f o r  i n t e g r a t i o n ,  s t a t i n g  t h a t  i t  o f f e r s  
t h e  s i m p l i c i t y  of t h e  Euler  method without r e q u i r i n g  small s t e p s .  
Pragenau maintained t h a t  f o r  constant  subsystems, t h e  s t a b i l i t y  and 
accuracy of t h e  method are acquired through t h e  c losed  form s o l u t i o n  
of t h e  t r a n s i t i o n  matr ix .  
A l t e r n a t i v e l y ,  a d i s c r e t i z e d  Duhamel [ 91 (convolu t ion)  i n t e g r a l  
method can be used t o  an advantage t o  represent  t h e  response a t  t h e  
housing coupl ing  po in t s  t o  t h e  r o t o r .  Kubomura 1111 used a convolu- 
t i o n  based method t o  achieve dynamic condensation of a subs t ruc tu re  t o  
i t s  coupl ing po in t s  t o  o ther  s t r u c t u r e s .  Convolution w a s  a l s o  used i n  
[12,13] t o  reduce system coord ina tes  t o  t h a t  of t he  n o n l i n e a r i t i e s .  
Along wi th  t h e  response ana lys i s  i n  presence of bear ing c l e a r -  
ances  under imbalance f o r c e s ,  a numerical harmonlc balance method i s  
developed toward v e r i f y i n g  poss ib le  s t eady  s t a t e  synchronous and sub-  
synchronous r o t o r  response.  This is e s s e n t i a l  t o  ensure t h a t  no 
p o s s i b l e  p o t e n t i a l l y  damaging so lu t ion  is missed due t o  un fo r tuna te  
s e l e c t i o n s  of p a r t i c u l a r  i n i t i a l  condi t ions .  The harmonic method 
locates a l l  p o s s i b l e  p e r i o d i c  s o l u t i o n s .  The method is b r i e f l y  
presented  he re  from re fe rences  [ 1 4 ]  and 1151 as  app l i ed  t o  a modified 
J e f f  c o t t  model. 
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The modal equat ions  of t h e  housing i n  t h e  X-2, Y-2 planes i n  
terms of a t runca ted  set of i ts  modal coord ina te s  {q 1, normalized 
wi th  r e spec t  t o  t h e  mass mat r ix ,  can be w r i t t e n  as [16,17] 
H 
where 5, and A are t h e  modal damping c o e f f i c i e n t s  and n a t u r a l  f r e -  
quenc ie s ,  r e s p e c t i v e l y ,  FH i s  t h e  vec to r  of coupl ing fo rces  t o  t h e  
r o t o r ,  i nc lud ing  t h e  balance p is ton  a x i a l  force .  The a x i a l  fo rce  is a 
f u n c t i o n  of t h e  axial displacement and v e l o c i t y  as well as t h e  s p i n -  
n ing  speed. The coupled physical  displacements  i n  t h e  X and Y d i r e c -  
t i o n s  a t  t h e  coupl ing po in t s  t o  the  r o t o r  are given by 
H 
” 
where [AH,] is t h e  normalized modal v e c t o r s ,  with respec t  t o  t h e  
mass matrix, a s soc ia t ed  w i t h  the  coupl ing po in t s .  
a 
Rotor:  
As i n  t h e  case of housing, t h e  symmetric-rotor equat ions  of 
motion may be w r i t t e n  i n  terms of a t runca ted  set of modal coord ina te s  







where D R  and rR are nondiagonal mat r ices  which are speed,  6, depen- 
d e n t ,  and P i  i s  t h e  imbalance fo rces  which i s ,  i n  gene ra l ,  f u n c t i o n s  
of $ and y. The vec to r  F' r ep resen t s  t h e  i n t e r a c t i o n  f o r c e s  with t h e  
housing such as t h e  bear ing ,  s e a l ,  s i d e  loads (which are func t ions  of 
+), etc. t h e  phys ica l  displacements a t  t hese  coupl ing p o i n t s  are 
g iven  by 
R 
. 
I n t e r a c t i o n  Forces 
The coupl ing f o r c e s  between t h e  housing and r o t o r  can be 
expressed  a s  (see Fig.  1) [ 171 
a 
a 
where [C] and [K] involve  d i r e c t  and c ross  coupled s t i f f n e s s  and damp- 
ing f o r c e s  as w e l l  as sp inning  v e l o c i t y  dependent c o e f f i c i e n t s .  The 
c o e f f i c i e n t s  of t h e  bear ing  forces  a l low for presence of c l ea rances  











% S C  




u -  
Figure 1 .  Coupling elements and forces  i n  t h e  HPOTP. 
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The r o t o r ' s  modal equat ions of motion are w r i t t e n  i n  t h e  f i r s t  
o r d e r  form 
where - 
S i m i l a r  f i r s t  o rde r  equat ions  can be w r i t t e n  f o r  t h e  housing. 
The s o l u t i o n  of equat ions  (7) with cons tan t  r o t a t i n g  speed and 
t h e  analogous ones f o r  t h e  housing i n  terms of t he  a s soc ia t ed  t r a n s i -  
t i o n  matrices of t h e  r o t o r  and housing t akes  the  form [9 ]  
t 
{ U ( t ) )  = .['It {U(O)}  + o.f e[al(t- 'c){F( 'c))  d'c 
Th i s  r e p r e s e n t a t i o n  can be c a s t  i n  d i s c r e t i z e d  form a s  
e 










The f o r c e  vec to r  i n  eq. (11) can be e i t h e r  t r e a t e d  as ( I )  con- 
s t a n t  wi th in  a small t i m e  increment T or ( i i )  a l i n e a r  func t ion  of 
t i m e .  C lea r ly ,  t he  l i n e a r  represent  a t  ion  would r e s u l t  i n  more accuracy 
f o r  a g iven  increment T. An assumption of a s t e p  load (cons tan t  load  
w i t h i n  an increment)  a l lows  equat ion (11) t o  be w r i t t e n  i n  t h e  s i m p l e  
form 
where [@E(T)I = .['IT , {F i}  = { F ( t i ) )  
Tn 
W 
= c n! [a]" [ a l T  e 
n=O 
Both expres s ions  i n  (15) and (16)  converge very r a p i d l y  f o r  small 
increment ,  T,  and when used as above ( cons t an t  [ a ] ) ,  need only be 
c a l c u l a t e d  once f o r  t h e  e n t i r e  time response h i s t o r y  of the  coupled 
ro to r /hous ing  system. 
A more e f f i c i e n t  a lgor i thm can be cons t ruc ted  by r ep resen t ing  the  
coupl ing  f o r c e s  as l i n e a r  func t ions  of t i m e  w i th in  each increment T, 
o r  
Using t h i s  r e p r e s e n t a t i o n ,  and a f t e r  some manipulat ion,  t h e  s o l u t i o n  






An incrementa l  s o l u t i o n  us ing  equat ion (18)  f o r  t h e  r o t o r  and a s i m i -  
lar matrix equat ion  f o r  t h e  housing, a long with equat ions  (5)  and ( 6 )  
i n  f i r s t  o r d e r  form, can be employed t o  cons t ruc t  t h e  response t i m e  
h i s t o r y  of t h e  turbopump considered. The p a r t i c u l a r  recur rence  proce- 
d u r e  used w i l l  depend on t h e  t y p e  of t r a n s i e n t  response sought as w e l l  
as on t h e  accuracy versus  computational t i m e  t r a d e o f f s .  Some d i scus -  
sion of t h e  computational procedure is  presented i n  a l a t e r  sec t ion .  
U s e  of The Duhamel I n t e g r a l  
An e f f i c i e n t  incremental  r ep resen ta t ion  of t h e  housing d i sp lace -  
ments can be achieved us ing  the convolut ion i n t e g r a l .  A s  with t h e  
t r a n s i t i o n  mat r ix  formula t ion ,  t h e  coupl ing f o r c e s  are t r e a t e d  as 
e x t e r n a l  l oads  on t h e  housing and may be assumed l i n e a r  i n  time f o r  
e v e r y  increment T. The response a t  any time t is  given f o r  ze ro  










Where {AHc)(') is a reduced column matr ix  of elements of t h e  j t h  
e i g e n v e c t o r  a s soc ia t ed  with the coupl ing po in t s  of t h e  housing and 
r o t o r ,  Wd i s  t h e  damped n a t u r a l  frequency of t h e  n t h  mode and "tr" 
s t a n d s  f o r  a t ranspose.  
To enhance t h e  accuracy of t h e  modal r ep resen ta t ion  of t h e  hous- 
i n g ,  t h e  de l e t ed  h igher  housing modes can be approximately accounted 
f o r  through t h e  r e s i d u a l  f l e x i b i l i t y  corresponding t o  these  modes, o r  
at any time t ,  
where [GH] is t h e  r e s i d u a l  f l e x i b i l i t y  mat r ix  corresponding t o  t h e  
coup l ing  p o i n t s  on t h e  housing 's  n th  mode of t he  uncoupled housing. 
For t h e  purpose of demonstrating t h e  method i n  s impler  t e rms ,  
c o n s i d e r  t h e  gene ra l i zed  housing coord ina te  of t he  undamped n th  mode 
where Pn(z) i s  t h e  unknown modal coupl ing force .  If t h e  fo rce  is  
assumed l i n e a r  i n  time wi th in  each increment ,  t he  genera l ized  d i s -  
placement i n  equa t ion  ( 2 2 )  due t o  a coupl ing f o r c e  appl ied  
t i  and ti+l is  given by 
bet ween 
1 t i + 1  -ti 
q n ( t )  = -  I {P,(ti) + ( P n ( t ~ + l ) - P n ( t i ) ) } s i n  mn(t-z)Gr ( 2 3 )  
On t i  
A f t e r  some manipulat ion,  t h e  i n t e g r a t i o n  i n  equat ion  ( 2 3 )  can be  




The total response at time t due to the contribution of the coupling 
forces from zero to time t (= N.T.) is 
a 




in(t) = - 1 [COS U,N.T 1 B(i)- sin un N.T 1 (27) 
On 1-0 i =o 
The generalized acceleration can be obtained from 
The generalized displacements and velocities of the rotor in incremen- 




a ( 1 8 ) ,  (271, ( 5 )  and ( 6 )  can be r e a d i l y  employed t o  c a l c u l a t e  t he  
response t i m e  h i s t o r y  f o r  t h e  coupled ro tor /hous ing  system. 





Various a l t e r n a t i v e  procedures have been explored f o r  t h e  
e f f i c i e n t  implementation of t h e  i n t e g r a l  formula t ions  based on t h e  
t r a n s i t i o n  matrices and the  convolution i n t e g r a l .  Although s t u d i e s  
are cont inuing  t o  f u l l y  make use of t he  computational advantages 
o f f e red  by these  formula t ions ,  t h e  fol lowing appears t o  be the  most 
a t t r a c t i v e  t o  da te .  
For both t h e  t r a n s i t i o n  and convolut ion methods, a l i n e a r i z e d  
r e p r e s e n t a t i o n  of t he  coupl ing fo rces  ( inc lud ing  those a t  t h e  bear ing 
deadband) are u t i l i z e d .  Equations of t he  form of (18), ( 2 6 )  and ( 2 7 )  
are used along wi th  t h e  coupling fo rces  r e l a t i o n s  given by (5)  and 
( 6 ) .  I f  t h e  r o t o r  system i s  l i n e a r ,  t h e  f o r c e s  are expressed i n  terms 
of t h e  displacements  a t  t h e  coupling po in t s .  The system i s  then 
represented  by a s imultaneous s y s t e m  of equat ions  involv ing  the  hous- 
i n g  and r o t o r  coupl ing coordinates  so  t h a t  a t  each increment of time 
{W 1 = {f(Wt , Ft)} 
t i + 1  i i 
where f s t ands  f o r  a func t ion .  
Another a l t e r n a t i v e  which proves t o  be very e f f e c t i v e  s p e c i a l l y  
i n  presence of t h e  bear ing  deadband n o n l i n e a r i t y  is by aga in  using a 
l i n e a r e d  f o r c e  v a r i a t i o n  wi th in  each t i m e  increment , but i nc lud ing  a n  










where F s t a n d s  
coupl ing  po in t s  
f o r  coupl ing forces :  P red ic t  t he  response a t  t he  
a t  t i+lA from those a t  t i  
= f R  (W , W , F , imbalance f o r c e s )  'ii + 1 H i  Ri Ri 
Then p r e d i c t  t h e  f o r c e s  a t  t i+ l  from 
F' = f i  (W' , imbalance f o r c e s )  
R i + l  H i + l '  w&+l 
Correct  t h e  displacements  at t i t i  as 
, imbalance f o r c e s )  'Ri + 1 = f R  WRi, F R i  ' F i i + l  
Re-iterate us ing  equat ions  (31)  and (32 ) .  I f  t h e  maximum d i f f e r -  
ence between t h e  displacements i n  two consecut ive  i t e r a t i o n s  i s  
smaller than  a s p e c i f i e d  to l e rance ,  t h e  i t e r a t i o n  i s  stopped and t h e  
f i n a l  va lues  of displacements  at t i+l  are taken as 
= w  wk+l H i + l  
(33) 
The t r a n s i t i o n  mat r ix  method w a s  app l i ed  t o  a system c o n s i s t i n g  
of damped two subsystems of t h ree  and two degrees  of freedom i n t e r a c t -  
i n g  through a c learance .  The r e s u l t s  are presented  i n  t h e  Appendix, 
i n  which comparisons t o  t h e  results obtained us ing  an i t e r a t i v e  Runge- 





t o  be more e f f i c i e n t  than t h a t  of t h e  numerical  i n t e g r a t i o n  procedure 
f o r  a g iven  t i m e  increment.  However, more work i s  needed t o  devise  a n  
a l t e r n a t i v e  i t e r a t i v e  technique which would expand t h e  range of 
convergence of t h e  method. 
For  a subsystem t o  which t h e  form of the  convolut ion i n t e g r a l  
(19) is a p p l i c a b l e ,  a s o l u t i o n  procedure similar t o  t h a t  i nvo lv ing  
equa t ions  (30) t o  (33) can be appl ied using equat ion  (26) .  
A l t e r n a t i v e l y ,  a one s t e p  procedure can be u t i l i z e d  i f  t h e  coup- 
l i n g  f o r c e s  are assumed to be cons tan t ,  r a t h e r  than varying l i n e a r l y ,  
w i t h i n  each t i m e  s t e p .  I n  tha t  case, t h e  express ion  f o r  q n ( t )  is 
ob ta ined  by s e t t i n g  
The e f f i c i e n c y  of t h i s  formulat ion can be g r e a t l y  enhanced by u t i l -  
i z i n g  a Taylor series expansion f o r  t h e  displacements  a t  time t i+l  i n  
terms of t h e  displacements  and t h e i r  d e r i v a t i v e s  a t  t i ,  o r  
a 
0 
W = w + w ( t i+ l  - t i )  
t i+1 t i  ti 
0 
a 
( 3 4 )  
0 0 0  
where W t i  and W t i  are g iven  by appropr i a t e  express ions  of the  forms 
g iven  by equa t ions  (27) and (28). The displacements  (and v e l o c i t i e s )  
as i n  equa t ion  (34) are used t o  c a l c u l a t e  t h e  coupl ing f o r c e  i n  each 
time s t e p .  
An approach combining the  Duhamel r e p r e s e n t a t i o n  f o r  t h e  housing 
of a r o t o r  system and a t r a n s i t i o n  matr ix  a lgor i thm f o r  t he  r o t o r  
16 
could be u t i l i z e d  t o  an advantage i n  determining the trans ient  











A method is developed [15]  i n  o rde r  t o  check a l l  poss ib l e  non l in -  
ear responses  of simple r o t o r  systems under p e r i o d i c  imbalance loads  
i n  presence of bear ing  c l ea rances ,  rubbing, seal f o r c e s ,  s i d e  f o r c e s  
and o t h e r s .  The method r equ i r e s  t h e  sp inning  speed of t he  r o t o r  t o  be 
cons t an t  so t h a t  t h e  model is represented  by a nonhomogeneous system 
of non l inea r  equat ions  of constant c o e f f i c i e n t s .  The developed method 
is a modi f ica t ion  of t h a t  due t o  Yamauchi [18]. 
The e a r l y  work i n  nonl inear  rotordynamics by Yamamoto [20] i n t r o -  
duces a n o n l i n e a r i t y  t o  t h e  J e f f c o t t  equat ion by inc lud ing  t h e  e f f e c t  
of bear ing  c learances .  The Van d e r  Pol s e l f  - sus ta ined  v i b r a t i o n  
theo ry  w a s  used f o r  t h e  ana lys i s  under t h e  assumption of small c l e a r -  
ances .  Due t o  t h e  symmetry of t he  gaps,  only t h e  harmonic response 
w a s  considered.  Recent ly ,  Chi lds  [21]  presented an  explana t ion  f o r  
t h e  subharmonic response of r o t o r s  i n  presence of bear ing  c learances  
and a s i d e  l o a d ,  us ing  pe r tu rba t ion  techniques under t h e  assumption of 
s m a l l  n o n l i n e a r i t y .  The p o t e n t i a l  d e s t r u c t i v e  v i b r a t i o n  of t h e  LOX 
pump i n  presence of rub i n  t h e  SSME (Space S h u t t l e  Main Engine) h a s  
been cons idered  by Beat ty  [22] .  
Glease and Bukley [23]  used a d i r e c t  numerical  i n t e g r a t i o n  method 
t o  ana lyze  t h e  r o t o r  response,  i nc lud ing  seal  and non l inea r  bear ing  
f o r c e s .  However, t he  r e s u l t s  only show t h e  t r a n s i e n t  response before  
a s t e a d y s t a t e  is reached. Since t h e  damping is u s u a l l y  small i n  
r o t o r  systems, a s t e a d y - s t a t e  response is o f t e n  e s t a b l i s h e d  a f t e r  a 







response ,  Yamauchi [18]  developed a numerical  harmonic balance method 
u s i n g  t h e  FFT (Fast  Four i e r  Transformation) a lgori thm f o r  non l inea r  
m u l t i p l e  degrees  of freedom ro to r  systems,  i n  which t r a n s f e r  mat r ix  
formula t ions  were used t o  descr ibe  t h e  system. S a i t o  [191 c a l c u l a t e d  
the non l inea r  unbalance response of h o r i z o n t a l  J e f f c o t t  ro to r s .  Both 
s t u d i e s  of Yamauchi and S a i t o  were concerned only  with t h e  harmonic 
response.  No a n a l y s i s  f o r  the important case of subharmonic r o t o r  
response  was attempted. 
The procedure developed i n  [ 1 5 ] ,  and presented here ,  i s  based on 
a modified numerical  harmonic balance method using d i s c r e t e  Four i e r  
t r ans fo rma t ion  and its inverse .  This  t ransformat ion ,  r a t h e r  than an 
FFT procedure,  was u t i l i z e d  i n  order  t o  reduce computational t i m e  and 
e r r o r s .  This  is achieved by c a l c u l a t i n g  t h e  complex exponent ia l  
va lues  a t  t h e  beginning of computation and then s t o r e  them i n  a c t i v e  
memory f o r  subsequent ca l cu la t ions .  Subharmonic and superharmonic 
responses  are a l s o  accounted for  by t h e  method. An account of t h e  
method and some r e s u l t s  obtained f o r  t h e  response of the  modified 
J e f f c o t t  r o t o r  system s e l e c t e d  f o r  t h e  a n a l y s i s  is o u t l i n e d  i n  what 
fo l lows  . 
0 
The Modified J e f f c o t t  Model 
0 
0 
The r o t o r  model is depicted i n  Fig.  2. I n  t h e  f i g u r e ,  is  t h e  
sha f t  speed which is  assumed cons tan t ,  and f$ is t h e  angle  of t h e  d i s k  
r o t a t i o n  wi th  respec t  t o  t h e  i ne r t i a l  coord ina te  system y - z and is 
r e f e r r e d  t o  as t h e  whi r l  angle .  The displacement of t h e  rotor c e n t e r  






Figure 2. Coordinate system of rotor.  
e 20 
e 
e c c e n t r i c i t y ,  e ,  denotes  the displacement of the  mass c e n t e r  from the  
geometr ic  cen te r  of t h e  s h a f t  . 
The f o r c e s  considered i n  t h e  formula t ion  of t he  equat ion  of 
motion inc lude  bear ing  f o r c e s ,  seal f o r c e s ,  an imbalance f o r c e  and a 
s i d e  force .  The bear ing fo rces  can be assumed as piecewise- l inear  and 
occur  only  when t h e  displacement of t h e  s h a f t  is greater than t h e  
c l e a r a n c e  ( o r  deadband) between bear ing  o u t e r  race and support .  F r i c -  
t i o n  due t o  rubbing between s h a f t  and bear ing support  during c o n t a c t s  
is a l s o  considered.  The bear ing f o r c e s ,  Fb, can be expressed as 





i n  which ur and ux are u n i t  vec tors  i n  t h e  r and x d i r e c t i o n ,  respec-  
t i v e l y ,  Kb is t h e  bear ing  s t i f f n e s s ,  6 i s  t h e  deadband and 1 is t h e  
c o e f f i c i e n t  of f r i c t i o n  between s h a f t  and bear ing.  The "X" s t a n d s  f o r  
a v e c t o r  c r o s s  product.  The assumed form rep resen t ing  the  seal  f o r c e s  
is g iven  by 
-P + + + + 
F, = -C,r - K s r  + Qsu, X r (36) 
Where K, i s  t h e  seal d i r e c t  s t i f f n e s s ,  C, i s  t h e  seal damping c o e f f i -  
c i e n t ,  and Qs i s  t h e  seal  cross-coupling s t i f f n e s s .  The s i d e  fo rce  is  
assumed t o  be due t o  g r a v i t y .  The g r a v i t y  loading  provides  a s i d e  
f o r c e  in t h e  nega t ive  d i r e c t i o n .  
The fo rce  equ i l ib r ium equat ions f o r  t h e  r o t o r  can be w r i t t e n ,  










Mz + Csd + Ksz - Qsy + Kbl(z - z 
(37-a) Mg 
(37-b) 
i n  which M is  t h e  mass of the  d i sk ,  g is the  a c c e l e r a t i o n  of g r a v i t y ,  
and I I denotes  t h a t  t h e  nonl inear  bear ing  f o r c e s  occur only when 
dy2 + z2  > ; otherwise ,  they a r e  zero.  I n  t h e  above equat ions ,  t he  
rubbing between s t a t o r  and blade t i p  i n s t e a d  of bearing rubbing (which 
i s  u s u a l l y  small) can be ca l cu la t ed  by changing Kb t o  t h a t  of t h e  
s t a t o r  s t i f f n e s s .  
The equa t ions  of motions, (37-a) and (37-b), can be put i n  
nondimentional ized form us ing  t h e  deadband, 6 ,  as t h e  r e fe rence  
displacement  and t h e  n a t u r a l  frequency of the  assoc ia ted  l i n e a r  prob- 
lems (6 = 0) as t h e  r e fe rence  frequency. This n a t u r a l  frequency i s  
no t  t h a t  of t h e  non l inea r  system, al though due t o  small c l ea rance  t h e  
per iods  of maintained contac t  during r o t a t i o n  may lead  t o  a frequency 
c l o s e  t o  t h a t  of t he  a s soc ia t ed  l i n e a r  frequency. L e t  
w =  2 K 4  
n M  




a = -  
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Y = 6  41 
e € = z  







ve = at 
\ 
where 8 is a normalized t i m e ,  and V is t h e  subharmonic order .  Using 
t h e  parameters i n  equat ion  (38 )  wi th  equat ions  (37-a) and (37-b) l e a d s  




2 a v  - Y TY t F ( 8 )  + pG(8) = E V 2  s i n ( v e )  2 cv 2” + - 4 1  + 61 62 
where 9 
(39-c) 
i n  which a prime denotes d i f f e r e n t i a t i o n  wi th  r e spec t  t o  t h e  normal- 
i z e d  t i m e  e and t h e  non l inea r  r e s t o r i n g  fo rces  are e s t a b l i s h e d  when- 
e v e r  R i s  greater than uni ty .  
Method of Analvsis  
The s t eady  pe r iod ic  so lu t ion  of equat ions  ( 3 9 ) ,  i nc lud ing  any 
subharmonic, superharmonic o r  harmonic v i b r a t i o n  can be w r i t t e n  as 
Four i e r  series, o r  
23 
N * (40-a) 
N 
n= 1 
z(e) = azo + 2 1 (azn cos ne - bZnsin ne) (40-b) 
where N is t h e  number of harmonics t o  be taken  i n t o  account i n  the  
f i n a l  s o l u t i o n  under t h e  assumption of small frequency bandwidth. The 
0 
a 
m u l t i p l e  of two and the minus s ign a s soc ia t ed  wi th  t h e  b, are  adopted 
t o  f a c i l i t a t e  accommodating complex Four ie r  c o e f f i c i e n t s  when d i s c r e t e  
t i m e  d a t a  i s  used. I n  t h e  same say ,  t he  time series r ep resen ta t ion  of 
t h e  non l inea r  bear ing  f o r c e s ,  occurr ing only when ) R J ) ~ ,  c a n b e  
expressed  as F o u r i e r  series of the form: 
N 
n= 1 
G ( e )  = Cy0 + 2 1 (Cyn cos ne - dyns in  ne) (41-b) 
N 
n= 1 
F ( 8 )  = czo + 2 1 (Czn cos ne - dZns in  ne) (41-b) 
S ince  t h e s e  non l inea r  bear ing fo rces  are a consequence of t h e  e x i s t -  
ence  of a deadband i n  t h e  system, t h e  Four i e r  c o e f f i c i e n t s  of t he  non- 
l i n e a r  r e s t o r i n g  f o r c e s  are func t ions  of t h e  Four i e r  c o e f f i c i e n t s  of 
t h e  s t eady  p e r i o d i c  s o l u t i o n  sought. S u b s t i t u t i n g  equat ions  (40)  and 
(41)  i n t o  equa t ions  (39-a) and (39-b) and applying a harmonic balance 
e procedure y i e l d s  4N + 2 nonl inear  simultaneous equat ions  involv ing  8 N  








and t h e  s i n e  terms: 
c 
(42-a) 
i n  which 
m = O  ; n # v  
m = l  ; n = v  
Another se t  of 4N + 2 equations can be found from t h e  r e l a t i o n -  
s h i p s  between t h e  Four i e r  c o e f f i c i e n t s  of t h e  n o n l i n e a r  bear ing f o r c e s  
and t h o s e  of t he  s t e a d y - s t a t e  p e r i o d i c  s o l u t i o n .  These r e l a t i o n s h i p s  
can be found by determining Y ( 8 )  and Z(8)  from t h e  Four i e r  c o e f f i -  
c i e n t s  of t h e  s t e a d y s t a t e  pe r iod ic  s o l u t i o n  us ing  t h e  d i s c r e t e  










N-l  i (  2nkr/N) 
k=O 
dr  = Real( C +e (43) 
where Dk s t ands  f o r  t h e  Four i e r  c o e f f i c i e n t ,  and d r ,  f o r  d i s c r e t e  d i s -  
placement. Using equat ions  (351, d i s c r e t e  time series of t h e  non l in -  
ear bear ing  f o r c e  can be found. The inve r se  d i s c r e t e  Four i e r  t r a n s -  
formation of t h e  time s e r i e s  so lu t ion  f o r  t h e  non l inea r  bear ing f o r c e s  
w i l l  y i e l d  t h e  Four i e r  c o e f f i c i e n t s  of t he  non l inea r  bear ing  fo rce  as 
r -0 
The r e s u l t i n g  nonl inear  simultaneous a l g e b r a i c  equat ions  can be 
handled us ing  a Newton-Raphson method. The Newton-Raphson method u s e s  
an  incremental  procedure i n  determining the  va lues  f o r  t h e  next i t e ra -  
t i o n  as fol lows.  L e t  
(45)  
0 s = s +As, 
where S r e p r e s e n t s  t h e  Four i e r  c o e f f i c i e n t s  of t h e  s t e a d y - s t a t e  s o l u -  
t i o n ,  and t h e  s u p e r s c r i p t  "0" denotes cu r ren t  s t a t e  while  A S  s t ands  
f o r  t h e  increments  of t h e  c o e f f i c i e n t s  during one s t e p  of i t e r a t i o n .  
For example, 
0 ayn = ayn + AaP 
S i m i l a r l y ,  t h e  Four i e r  c o e f f i c i e n t s  of t h e  non l inea r  r e s t o r i n g  
f o r c e  can a l s o  be expressed as fol lows:  









cyn = cYn 0 + Acm 
i n  which t h e  increment AB can be expressed using t h e  t o t a l  d e r i v a t i v e s  
wi th  r e spec t  t o  a l l  t h e  Four ie r  c o e f f i c i e n t s  of t h e  s t eady- s t a t e  so lu -  
t i o n ,  S o ,  so t h a t  
4N+2 aBO 
4 A B =  1 - n= 1 a Sn 
For example, 
(47)  
where t h e  p a r t i a l  d e r i v a t i v e s  are t o  be ca l cu la t ed  at t h e  cu r ren t  
s ta te  value.  
I n  o rde r  t o  account f o r  the large n o n l i n e a r i t y  i n  t h e  system, t h e  
increments ,  ASn, must be chosen small as compared t o  Sn whenever 
numerical  d i f f e r e n t i a t i o n  is  performed. The numerical  d i f f e r e n t i a t i o n  
is performed us ing  forward d i f f e r e n t i a t i o n .  For example, t o  o b t a i n  
t h e  d e r i v a t i v e  s, a new Cyn is ca l cu la t ed  a t  ayn = ayn + Aayn from 
t h e  non l inea r  r e l a t i o n s  of equat ions (39-c) and ( 3 9 4 ) .  The numerical  
d i f f e r e n t i a t i o n  is then given by 
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The numerical  d i f f e r e n t i a t i o n  procedure can be done using forward 
d i f f e r e n t i a t i o n  as fo l lows:  




5 .  
6 .  
a0 i s  changed by adding t h e  p r e s e t  small AaO, but o t h e r  
Four i e r  c o e f f i c i e n t s ,  an and bn, are not  changed. 
The newly assumed d i s c r e t e  displacements ,  Y(e) and Z ( e ) ,  are 
genera ted  us ing  a d i s c r e t e  i n v e r s e  Four ie r  transform. 
Discrete non l inea r  forces, G ( 8 )  and F(8) ,  a r e  c a l c u l a t e d  
us ing  equat ions  (39). 
The Four i e r  c o e f f i c i e n t s  of t h e  d i s c r e t e  non l inea r  f o r c e ,  
co, Cn, and dn, are ca lcu la ted  us ing  Di sc re t e  Four i e r  Trans- 
formation.  
are c a l c u l a t e d  The d i f f e r e n t i a l  values of -, - and - aco  a c i  adi  
aao aao’ aa0  
The c a l c u l a t i o n s  i n  s t e p  1 t o  5 are repeated f o r  each a i  and 
S u b s t i t u t i n g  equat ions  (45) and (46)  i n t o  equa t ions  ( 4 2 ) ,  t h e  
fo l lowing  incrementa l  form w i l l  r e s u l t ,  
2 2 
a v 2  o 0 v 2  0 0 = @ ?  -- 2 azo + PCZO 2 ayo - cy0 - Y - 
Q Q Q2 
(48-a) 













and f o r  t h e  s i n e  terms: 
0 v2 0 
h22 
2 0  + n 7 ayn + a? v2 byn 0 + dyn 0 + y- bzn - Mzn 2 c v  0 = - n  byn 
Q 
Equat ions (48-a) t o  (48-f)  can be put i n  the  mat r ix  form 




iv’here [ K ]  corresponds t o  t h e  Jacobian mat r ix  whose elements a r e  evalu-  
a t e d  a t  every s t e p .  
This  i t e r a t i o n  i s  continued u n t i l  a l l  t h e  components of t h e  
c o r r e c t i o n  vec to r  (W) become s u f f i c i e n t l y  c l o s e  t o  zero.  The c a l c u l a -  
t i o n  procedure presented  here  i s  b a s i c a l l y  an i t e r a t i v e  procedure. By 
s e t t i n g  t h e  i n i t i a l  va lues  t o  zero, a l i n e a r  s o l u t i o n  i s  ca l cu la t ed  i n  
t h e  f i r s t  i t e r a t i o n .  The l i n e a r  s o l u t i o n  is modified as t h e  i t e r a t i o n  
progresses .  For t h e  next frequency r a t i o ,  t h e  f i n a l  s o l u t i o n  of t h e  
prev ious  s t e p  frequency r a t i o  i s  used t o  f a c i l i t a t e  t he  convergence of 
the i t e r a t i o n .  






A comparison between results us ing  d i r e c t  numerical  i n t e g r a t i o n  
and those  of t h e  FFT method i s  shown i n  Fig.  3. The numerical  i n t e -  
g r a t i o n  is c a r r i e d  out us ing  the c e n t r a l  d i f f e r e n c e  method with t h e  
nondimensional equat ions  (39-a) and (39-b). To f i n d  t h e  s t e a d y s t a t e  
s o l u t i o n  wi th in  a reasonable  du ra t ion ,  t h e  damping f a c t o r ,  C, i s  
chosen t o  be r e l a t i v e l y  large. For t h e  a p p l i c a t i o n  of t he  FFT method 
i n  a numerical  procedure,  f o u r  harmonic c o e f f i c i e n t s  are taken i n t o  
account f o r  each of the  displacements ,  Y and 2. Also, s i x t e e n  d i s -  
crete d a t a  po in t s  are chosen i n  one per iod t o  avoid t h e  a l i a s i n g  
e f f e c t s .  The mean displacements ,  Y, 2, and are def ined as h a l f  of 
t h e  sum of t h e  maximum displacement and t h e  minimum displacement i n  a 
s t e a d y - s t a t e  response.  As shown i n  Fig.  3, t h e  frequency response 
r e s u l t s  us ing  t h e  FFT method demonstrate good agreement wi th  those  of 
t h e  d i r e c t  numerical  i n t e g r a t i o n  method. 
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Figure 3. 
a = 0 . 0 1 ,  @ =  l., y =  0 ,  5 = 0 . 5 ,  E =  1.5, 9 =  1.5, c I = O  
Comparison between numerical and FFT so lu t ions  ; 
0 31 
I n  F ig .  4, t h e  non l inea r  response of the  system i s  shown i n  p re s -  
0 
ence of t h e  s i d e  fo rce  due t o  g r a v i t y .  To ensure  t h e  occurrence of 
subharmonic response,  t h e  damping f a c t o r ,  C, w a s  set t o  zero.  A s  
depic ted  i n  Fig.  4, a second-order superharmonic resonance occurs  n e a r  
the frequency r a t i o  of 0.5. A second-order  subharmonic resonance 
occurs  below t h e  frequency r a t i o  of two, while a t h i r d s u b h a r m o n i c  
resonance appears  below t h e  frequency r a t i o  of t h ree .  These t r ends  
have a l r eady  been demonstrated exper imenta l ly  by Bent ly  [ 2 6 ]  and Er ich  
[27] .  The non l inea r  s t e a d y s t a t e  a n a l y s i s  a l s o  r e v e a l s  t he  co -ex i s t  - 
ence of harmonic response with t h e  subharmonic response.  The occur-  
rence  of a s p e c i f i c  type  of response depends upon the  p a r t i c u l a r  
i n i t i a l  cond i t ions  (due t o  proximity t o  a corresponding domain of 
a t t r a c t i o n ) .  
A comparison between t h e  nonl inear  response and harmonic mot ions  
i n  t h e  y-z plane can be made by examining t h e  r e s u l t s  presented i n  
a 
0 
Fig.  5 ,  6, and 7. The s h a f t  cen te r  t r a c e s  noncrossing paths  i n  a 
harmonic response case, or otherwise t h e  pa ths  w i l l  be of more compli- 
ca t ed  shapes and l a r g e r  r a d i i  (a less d e s i r a b l e  behavior i n  r o t a t i n g  
machinery). The e x i s t e n c e  of second-rder subharmonic resonances i s  
examined f o r  var ious  va lues  of t h e  nondimensionalized s i d e  f o r c e  
f a c t o r ,  @ = A i n  F i g .  8. The f i g u r e  shows t h a t  subharmonic v i b r a -  
t i o n  would not  exis t  f o r  e i t h e r  ze ro  or r e l a t i v e l y  l a r g e  va lues  of $. 
2 6 ’  
a 
This is  because only  symmetric motion is maintained f o r  t hese  p a r t i c u -  
l a r  va lues  of 4. Fig. 8 a l s o  shows t h a t  8 slcaller 6 va lue  r e s u l t s  in 
8 
a subharmonic response wi th in  a broader  frequency range. The choice 
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Figure 4 .  Superharmonic and subharmonic resonance in  rotor 
dynamic response; a = 0.01, @ = l . ,  Y = 0 ,  = 0 ,  
E = 1.5, @ = 1.5, CI = 0. 
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Figure 5.  Superharmonic response at  = 0.45; 
a = 0.01. f3 = I.,  y = 0 ,  5 = 0, 
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Figure 6. Second-order subharmonic response at  Q = 1.7; 
a - 0 . 0 1 ,  8 = 1 . ,  y = O ,  C = o ,  E =  1.5, 
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Figure 7 .  Third-order subharmonic response at Q = 2.7;  
a=0.01,8 = 1 . , Y  = O , <  - 0 , E  = 1.5, 
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Figure 8. Effect  of s i d e  force  on nonlinear rotor dynamic 
response; a = 0.01, B = I., Y = 0, C = 0.1, 
E = 1.5, P = 0. 
e 
0 
reduce t h e  p o s s i b i l i t y  of a damagjng resonance. The e f f e c t  of eccen- 
t r i c i t y  can be deduced from the examination of Fig. 9. A l a r g e r  
e c c e n t r i c i t y  i n f l u e n c e s  t h e  h o r i z o n t a l  motion ( z - d i r e c t i o n )  more than 
it  does t h e  v e r t i c a l  motion. 
Other resu l t s  concerning the e f f e c t  of rubbing due t o  f r i c t i o n ,  
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Figure 9. Effect of eccentricity on nonlinear rotor dynamic 
response; a = 0.01, B = I . ,  Y = 0 ,  C = 0.1, 










V. USE OF COMPONENT MODE METHODS 
A modified f i x e d  i n t e r f a c e  component mode procedure of Glasgow 
and Nelson 1241 can  be app l i ed  t o  c e r t a i n  non l inea r  r o t o r  systems with 
f l e x i b l e  housing. The n o n l i n e a r i t y  is assumed t o  ar ise  from t h e  e x i s -  
t ence  of c l ea rances  a t  t h e  bearings.  The coupling between a r o t o r  and 
i t s  housing occur s  through bearing, seal, f l u i d  and o the r  i n t e r a c t i o n  
f o r c e s .  
The modified a n a l y s i s  procedure can be c a r r i e d  out as fol lows.  
The r o t o r  and housing a r e  coupled a t  t h e i r  p o i n t s  of i n t e r a c t i o n  
except a t  t h e  bear ings with deadband c l ea rances .  The eigen-parameters 
of t h e  coupled system are obtained with t h e  r o t o r  and housing f i x e d  a t  
t h e  l o c a t i o n s  of t he  deadbands. The coupled system is then r e p r e -  
s en ted  by a t runca ted  set of these modes p lus  a s t a t i c  constrained 
mode [ 2 4 ]  corresponding t o  t h e  degrees of freedom a t  t h e  l o c a t i o n  of 
t h e  bear ing c l ea rances .  
The f i x e d - i n t e r f a c e  component method w a s  appl ied t o  two s i m p l e  
mu l t i -deg ree  of freedom subsystems and t h e  r e s u l t s  showed i t  t o  be 
more accurate than  t h e  o r i g i n a l  Nelson's method f o r  t h e  same t o t a l  
combined number of dynamic and s t a t i c  modes of t he  system. This is  so 
s i n c e  t h e  method as modified above allows inc lud ing  more numbers of 
dynamic coord ina te s  of t h e  components i n  t h e  a n a l y s i s .  The modified 
method becomes more e f f i c i e n t  than t h e  o r i g i n a l  method i n  cases where 
i n t e r a c t i o n  f o r c e s  occur a t  r e l a t i v e l y  l a r g e  numbers of l o c a t i o n s  
between t h e  r o t o r  and housing. The modified approach would a l low 






current ly  being used, then reduce the number of modes of the resu l t ing  
coupled system. 
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VI. DISCUSSION AND RECOMMENDATIONS 
1 . Hybrid component r ep resen ta t  ion  and numerical incremental  proce- 
d u r e s  f o r  t h e  t r a n s i e n t  response a n a l y s i s  of complex r o t o r  
systems can lead  t o  more e f f i c i e n t  methods. 
2 .  The e x p l i c i t  i n t e g r a t i o n  methods based on t h e  t r a n s i t i o n  matrices 
and convolut ion can be very e f f e c t i v e  i n  determining t h e  t rans i -  
e n t  response of large f l e x i b l e  ro tor /hous ing  systems such as t h e  
SSME turbopumps. The methods are p a r t i c u l a r l y  e f f i c i e n t  i n  cases  
concerning cons tan t  spinning r o t o r  speeds and i n  presence of 
bear ing  deadband clearances.  More work is, however, s t i l l  needed 
t o  e x p l o i t  and f u r t h e r  develop t h e  methods t o  t h e i r  f u l l e s t  
p o t e n t i a l .  
3. A modified f ixed- in te r fe rence  component mode method could be used 
t o  cons t ruc t  a reduced s i z e  ro tor /hous ing  system which is more 
accurate than t h a t  of the o r i g i n a l  method of re ference  1241.  The 
modi f ica t ion  concerns t h e  use of smaller number of connect ion 
p o i n t s  as t h e  f i x e d  i n t e r f a c e s  of t he  system. S imi l a r ly ,  t h e  
hybrid coupl ing method of McNeal [ 2 5 ]  could be extended f o r  
a p p l i c a t i o n  t o  r o t o r  systems. 
4. A numerical  harmonic balance method us ing  d i s c r e t e  F o u r i e r  Trans- 
formation is developed and app l i ed  t o  a modified J e f f c o t t  model 
i nc lud ing  bear ing  c learances ,  seal c ros s  coupl ing f o r c e s ,  a s i d e  
f o r c e  and f r i c t i o n  due t o  rubbing. The method can be used t o  
determine a l l  p o s s i b l e  s teady s ta te  s o l u t i o n s  f o r  t h e  r o t o r .  The 






of t h e  n o n l i n e a r i t i e s  involved being loca l i zed .  Appl ica t ion  of 
t h e  method w i l l  ensure  t h a t  no p o t e n t i a l l y  damaging pe r iod ic  non- 
l i n e a r  response of a given r o t o r  w i l l  be missed by s o l e l y  depend- 
i n g  on numerical  i n t e g r a t i o n  methods. A r b i t r a r i l y  s e l e c t e d  
i n i t i a l  cond i t ions  may not n e c e s s a r i l y  lead  t o  a poss ib l e  p e r i -  
o d i c  s o l u t i o n  us ing  i n t e g r a t i o n  techniques.  The de termina t ion  of 
t h e  domains of a t t r a c t i o n  with mul t ip l e  s o l u t i o n s  and the  exten-  
sion of t h e  a lgor i thm t o  mult i -degree of freedom r o t o r  systems 
are c u r r e n t l y  under cons idera t ion .  
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APPENDIX 
The Trans i en t  Response of a' Test Model 
Two s i n g l e  mass s p r i n g  subsystems i n t e r a c t i n g  through a gap are 
u t i l i z e d  t o  form t h e  tes t  model (see Fig. A . l ) .  Modal r e p r e s e n t a t i o n  
of t h e  subsystems is u t i l i z e d .  The t r a n s i e n t  a n a l y s i s  i s  c a r r i e d  out 
u s i n g  both t h e  i n t e g r a l  t r a n s i t i o n  matr ix  method and an i t e r a t i v e  
Runge-Kutta-Verner i n t e g r a t i o n  scheme. A comparison of t h e  computa- 
t i o n  t i m e  of both methods is shown i n  Table A . l .  The comparison shows 




Runge -Kut t a-Verner 
TABLE A.1. Comparison of the Solution Time  Calculated by Direct 
Integration and the Transition Matrix Methods 














I. USING ALL THE SUBSYSTEMS MODES 
I 
8 27 diverge 
9 1.2 diverge 
Number 
of Steps 
8min.  59.8 see. 
45000 
















3 12.3 diverge 










= 6.25 A1 m 
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CA2 = 30 
K~~ = 2 x 105 
KA2 = 6 x lo5 
K~~ = 18 x 105 CAS = 90 
= 10 
1 
s1 = 2 105 
K~~ = 2 x 105 CB2 = 10 
KI = 2 x lo6 CI = 100 
. 
Force = 20000 sin i t  
6 = 550 
Figure A . l .  The test model. 
